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Abstract 

The  concepts  of  admissible  orderings  and  normal  form  algorithm 
are  btisic  in  Buchberger's  Grbbner  basis  algorithm.  We  present  a  con- 
structive and  elementary  proof  of  Robbiano's  characterization  the- 
orem for  admissible  orderings.  Using  this  characterization,  we  give 
a  bound  on  the  complexity  of  the  normal  form  algorithm  for  arbi- 
trary admissible  orderings.  Using  a  simple  refinement  of  the  normal 
form  algorithm  (ordered  reductions),  we  obtain  significantly  improved 
bounds. 
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1      Introduction 

Grobner  basis  has  become  an  important  algorithmic  tool  in  computational 
algebraic  geometry  [Buchberger  1985].  Much  of  the  pioneering  work  is  due 
to  Buchberger.  In  particular,  Buchberger  gave  an  algorithm  for  construct- 
ing a  Grobner  basis.  We  refer  to  [Mishra  and  Yap  1986]  for  a  self-contained 
introduction  to  the  subject. 

In  Grobner  basis,  we  are  interested  in  the  polynomial  ring  R  =  K[xi, . . . , 
for  some  field  K.  The  fundamental  concept  here  is  the  'reduction'  of  poly- 
nomials. In  order  to  introduce  this,  we  first  let  PP  =  PP(ii, . . .  ,!„)  be 
the  set  of  all  powtr  products 

«=i 

where  c,  >  0  are  natural  numbers.  A  total  ordering  >  on  the  set  PP  is  said 
to  be  admissible  if  the  following  two  axioms  are  satisfied. 

1.  Zj>l      for  1  <  «■  <  n 

A 


2.  p>q    ==>    rp>rq      for  all  p,q,r  E:  PP 


There  are  two  natural  examples  of  admissible  orderings,  the  lexico- 
graphic and  the  total  degree  orderings  (see  next  section).  Power  products 
are  also  called  terms,  and  admissible  orderings  are  also  called  term  order- 
ings or  multiplicative  orderings.    Relative  to  such  an  ordering  >,  we  may 

define  the  head  monomial,  Hmono(/),  of  any  polynomial  /  G  i?  to  be  that 
monomial  in  /  whose  power  product  is  the  greatest  under  >. 

Now  we  are  ready  to  define  reduction.  Given  two  polynomials  f,g€R, 
we  say  /  is  reducible  by  g  if  Hmono(g)  divides  some  monomial  m  in  /.  Then 
m  =  c-  Hmono(5)  for  some  monomial  c.  We  say  the  polynomial  h  =  f  —  c-g 
is  the  reduct  of  /  by  g  and  denote  the  relationship  by 

We  say  that  the  monomial  m  (or  the  corresponding  power  product  p)  is 
eliminated  by  application  of  g  in  this  case.  If  G  is  a  set  of  polynomials, 
we  write  /  — ►  /i  if  /  — ^  h  holds  for  some  g  G  G.   We  denote  the  reflexive 
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transitive  closure  of  -^  by  -^.  If  /  is  not  reducible  by  any  g  e  G,  we 
indicate  this  by  writing 

We  say  /i  is  a  G-normal  form  of  /  if  /  -^  h  — >  h,  and  we  write  NFg(/) 
for  the  set  of  all  G-normal  forms  of  /.  It  is  important  to  realize  that  a  G- 
normal  form  of  /  is  not  unique  in  general,  and  the  central  idea  in  Grobner 
basis  is  to  enlarge  G  so  that  it  becomes  unique:  A  finite  set  G  C  iE  is  said 
to  be  a  Grobner  basis  (for  the  ideal  generated  by  G)  if  the  G-normal  form 
of  every  polynomial  /  G  J?  is  unique,  i.e.,  |NFg(/)|  =  1. 

Given  a  finite  set  F  C  R  of  polynomials,  we  define  a  (trivial)  non- 
deterministic  algorithm  that,  for  any  input  polynomial  /,  repeatedly  apply 
the  reduction  step  -^  to  /  and  its  reducts  until  a  normal  form  of  /  is 
reached.  This  simple  algorithm  will  be  called  the  normal  form  algorithm. 
Let  nfF(/)  denote  a  final  normal  form  so  obtained,  if  the  process  halts  at 
all.  It  can  be  shown  that  this  process  must  halt  regardless  of  the  choice  of 
reduction  -  see  [Mishra  and  Yap  1986]  for  a  proof.  The  normal  form  algo- 
rithm is  a  basic  step  in  Buchberger's  algorithm  for  constructing  Grobner 
bases. 

In  this  paper  we  are  interested  in  a  bovmd  on  the  number  of  reduc- 
tion steps  in  the  normal  form  algorithm.  Previously,  the  only  bounds 
known  are  for  the  simple  case  where  >  is  the  total  degree  ordering.    In 

A 

[Mishra  and  Yap  1986],  a  bound  for  the  lexicographic  ordering  was  given. 
We  now  extend  this  bound  to  the  general  case.  Along  the  way,  we  will 
develop  an  elementary  and  constructive  proof  of  a  characterization  theo- 
rem for  all  admissible  orderings.  The  characterization  was  first  given  by 
[Robbiano  1985]  but  his  proof  is  highly  non-constructive. 

2      Admissible  Orderings 

Example  1:  Lexicographic  Ordering  (  >  ) 

Let  A  =  ij'xj^ . . .  <"  and  B  =  ij'ij' . . .  xj.".  Then  A>^B  if  a.  /  b, 
for  some  «,  and  we  have  a,  >  b,  for  the  minimum  such  t.  To  illustrate 
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this,  consider  PP(i,j/, 2).  Then,  assuming  x  >  y  >  z  we  have: 

^  '  LEX     LEX 

X  >  y'z',     xy  >  xz,   and     y'z  >  yz^ 

LEX  LEX  LEX 

Example  2:  Total-Degree  Ordering  (>) 

T 

Let  A  =  I°'I^^..I^"  and  fi  =  x*'ij' . . .  i^".  Then  ^>5  if  deff(A)  > 

deg{B)  where  deg{A)  =  Oi  +  Cj  +  . . .  +  a„. 
Considering  again  the  example  PP{x,y,z),  we  have, 

y'>xy,     xyz>y^,   and     y^z^>xyz 

T  T  T 

Notice  however,  that  total-degree  alone  does  not  provide  a  total  or- 
dering since  it  does  not  allow  comparison  of  two  power  products  with 
the  same  degree.  Among  the  many  ways  in  which  total-degree  can  be 
extended  into  a  total  (aximissible)  ordering  are: 

Total-Degree(Lex):  We  say  A>B  if: 

either    deg{A)  >  deg{B) 

or  deg{A)  =  deg{B)  &c  A  >  B 

Total-Degree(Recursive):  We  say  A> B  if: 

TT 

either    deg{A)  >  deg[B) 

or  deg[A)  =  deg{B)  h  ij'i^'  . . .  i^'_V  >i;'i2^  . . .  x\':l 

where  k  =  max{j|a,  7^  0  or  6,  7^  0} 

It  is  easily  verified  that  both  are  admissible.  To  see  that  these  two 
orderings  are  in  fact  different,  notice  that  on  PP(i,y,2)  we  have 

x>y>z    and    x>y>z 

TL     TL  TT     TT 

xyz>y^     but     y^>xyz 

TL  TT 
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Remark:  Usually,  the  ordering  >  is  simply  called  the  'total-degree  order- 

TL 

ing'. 

Although  PP  is  defined  with  the  natural  numbers  as  exponents,  many 
of  our  proofs  simplify  if  we  extend  the  exponents  to  the  integers  and  also 
to  the  rational  numbers.  We  write  PP(i;  Z)  and  PP(i;  Q)  to  indicate  these 
extensions.  We  also  write  PP(r;N)  for  PP.  Admissible  orderings  for  these 
extensions  are  defined  in  the  same  way: 

1.  Xi>l       for  1  <  t  <  n 

A 

2.  p>q   =^    rp>rq      for  all  p,  g,  r  €  PP(?;  Q)  (resp.PPfi;  Z)) 

A  A 

Lemma  1   Let  >  be  an  arbitrary  admissible  ordering  on  PP(x;Q), 
For  any  M ,  N  ePF [l]  Q) ,  r  G  Q, 


ifr>Othen         M>N  <=>   M'>N' 

A  A 

ifr<Othen         M>N   <=^   N'>M' 


A  A 


Proof. 

(r  G  N)   For  r  =  1,  the  result  is  trivial,  so  assume  the  result  holds  for  r  -  1, 
then  M>N  implies  A/""  >  Af'^N  >  N'.  Conversely,  if  Af>A^',  then 

AAA  A 

M>N  since  M  />N  leads  to  the  contradiction  Af  />N''. 

A  A  A 

(r  >  0)   Let  r  be  a  positive  rational  of  the  form  j,  then  the  result  follows 
from  M'>N^    <=>    M'>N'    <=^    M>N  (by  two  applications  of 

A  A  A 

the  case  r  6  N). 

(r  <  0)   It  is  ea^y  to  check  that  M>A'^   ■<=>•   A'^~'>M~^.  Then  an  application 
of  the  case  r  >  0  shows  A^"'>M~^     <i=^     N^>M'' 

A  A 

Q.E.D. 

If  >   is  an  admissible  ordering  on  PP(r;Q),  then  it  is  clear  that  > 
induces  an  admissible  ordering  >  on  PP(y;N)  ,  namely  >  is  the  restriction 
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of  >  to  PP.   The  converse  relation  is  also  true.   Every  admissible  order  > 
on  PP(i;  N)  induces  a  relation  >  on  the  rationals  defined  by: 

Q 

M>N    <^=>    M'U>N'U 

q  N 

where  c  G  N  is  chosen  such  that  M',N'  G  PP(r;  Z)  and  U  €  PP(J;  Z)  is 

chosen  such  that  M'U,N'U  6  PP(r;N).    The  reader  can  verify  that  the 

induced  relation  >  is  an  admissible  ordering.  It  is  seen  that,  for  every  pair 
q 

of  monomials  M,N  e  PP(i;N), 

M>N      <;=>       M>N 
q  N 

so  the  induced  admissible  orderings  on  PP(i;Q)  are  simply  extensions  of 
the  admissible  orderings  on  PP(2P;N).  These  are  in  fact  the  only  admis- 
sible orderings  on  PP(i;Q).  For  any  admissible  ordering  >  on  PP(i;Q), 
M>N    <=^    M'^U>N'U  ,  so  the  ordering  is  completely  specified  by  the 

A  A 

ordering  of  power  products  with  natural  number  exponents.  This  proves: 

Lemma  2  There  is  a  natural  hijection  between  the  set  of  admissible  order- 
ings on  PP(J;  N)  and  the  set  of  admissible  orderings  on  PP(r;  Q). 

A  useful  characterization  of  admissible  orderings  is: 

Lemma  3  If  >  and  >  are  admissible  orderings  on  PP(r;Q),  then  >  and 
>  are  identical  if  and  only  if  the  following  sets  are  equal: 

B 

5^     =     |m  :  M>1  <fc  M  e  PP(i;Q)| 
Sb    =     Im  :  M>1  k  M  eFP{x;Q) 
Proof.  If  5x  =  Sb,  then  M>N   <=^  MN'^  e  S^   <=^   MTV"*  G  Sb   ^=> 

A 

M>N.  So  >  and  >  are  identical. 

B  A  B 

Otherwise,  if  S^  ^  Sb,  then  without  loss  of  generality  assume  that  there 
exists  diU  N  e  Sy^-  Sb-  Then,  >  and  >are  different  since  A^>1,  but  N  />!. 

A  B  AD 

Q.E.D. 
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3      Characterizing  Admissible  Orderings 

The  main  result  of  this  section  is  a  new  and  constructive  proof  of  Robbiano's 
theorem  [Robbiano  1985]: 

Theorem  4  Any  admissible  ordering  >  on  PP(r;Q)  can  be  characterized 
by  a  set  of  linear  'weight  functions'   Wi,W2,. . .  ,W„  given  by 

n 

W^ilifx^^...!^")    =    ^u'^.a.    for\<k<n 

1=1 

where    the   lOt , 's    are    real,    such    that    if  M    is    a   power   product   M    = 
xl'x'^-'  ...xl"  then, 

Af>l  <=>  (30(VVi  (M)  >  0  Aj  (Vy<t)W^;  (M)  =  0)  (1) 

Thus, 

Wt  (M)   =   -Wt  (Af-i)    and   W^  {MN)    =   W^  [M]  +  Wt,  [N] 

Note  that  (1)  is  a  chareicterization  because  of  lemma  3. 

Essentially,  we  are  reduced  to  a  lexicographic  ordering  on  the  tuples 
{Wi{M),  . . .,  Wn{M)).  The  existence  of  the  tut  ,'s  will  be  demonstrated  by 
an  explicit  construction.  We  will  do  the  construction  in  stages.  In  the  k 
stage,  we  will  define  the  function  W^,  and  also  choose  a  new  variable  2^ 
from  {xj, . . . ,  Zn}  which  was  not  chosen  in  a  previous  stage. 

Stage  1: 

Define  Zj  to  be  Xj  where  for  all  i,,  Xj>x,. 


Then  choose  w^  to  be  sup  s  5  G  Q|  Xi>z\  \. 
Setl  J^    =    {xi     ..,x„}-{zj 

I    Zl      =     {2,} 


Stage  k   (A:  =  2  to  n): 

Assume  that  Wj  has  been  defined  for  j  =  1, . . . ,  ^  -  1. 
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Case  1: 

There  exists  x,  e  Xk_i  such  that  for  all  N  G  PP(Zk_i;  Q) 

Choose  Zk  to  be  any  such  z,  (for  example  the  least). 
For  ever>'  j\  set  wtj  =  0. 

Case  2: 

For  ever>'  z,  €  X^-i,  there  exists  N  €  PP(Zk_i:Q)  such  that 
for  all  j  <  k,  \Vj  [Nx,)  =  0. 
Define  A/*  (A/),  Tt,!,  and  x,  as  follows: 

For  all  M  e  PP(r;Q),  and  z.  G  Xk_i,  A7i  (Af)  =  XM  where 
(Vi<t)^;  (A'A^)  =  0  and_A;  e  PP(Zk-i:  Q). 
We  will  show  later  that  Af t  (Af )  is  well  defined, 
f  1        ifA7i(z.)>l 

1—1    otherwise 

It,.- 
z,    =  z,- 

Choose  2t  to  be  the  x^   G  Xk_i  such  that  for  all  X;  G  Xk_i, 

A7i(x;)>A7i(xO, 

A 

and  let  Zk  —  Xj  where  z^  =  Xj. 
Then  for  all  /  =  1, . . . ,  n  choose, 

f  0  ifx:^Xk-i 

"'^■'^l  -MSup{5GQA7i(xi)^A7t(2^)|    • 

(Either  case:) 

Set  I  -^^     "     Xk_i-{2i} 

To  verif>'  the  correctness  of  this  construction,  we  must  show  that  the 
resulting  weight  functions  satisfy  (l).    To  show  that  (l)  holds  in  the  <= 
direction,  we  will  prove  at  each  stage: 
Lemma  Ak  ■' 

Wt  (A/)  >  0  A:  V,<tW',  (A/)  =  0     ^     A/^1 
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To  show  that  (l)  also  holds  in  the  =>•  direction,  we  will  prove  at  each 
stage: 
Lemma  Bt  * 

For  any  M  E  PP(Zk;Q),  (Vy<i)((VVt  (M)  =  0)  ^  (M  =  1)) 

Now,  at  stage  n,  this  includes  all  power  products  M  G  PP(x;  Q).   Let 
M  be  any  power  product  with  M>1  ,and  so  M~^<1.  Lemma  i?„  requires 

at  least  one  of  the  Wi[M~^)  be  non-zero,  for  otherwise  M~^  would  be  1. 
Let  A;  be  the  smallest  t  for  which  Wi[M~^)  is  non-zero,  then 

W,{M-')  ^  0  &  V,<tl^,-  {M-')  =  0. 

inV,,{M-'^)  >  0,  then  by  lemma  yli,M-i>l.  But,  M''^ <1,  so  Wt{M-^)  < 

0,  and  therefore  Wk{M)  >  0.  Therefore,  the  two  lemmas  imply  the  correct- 
ness of  the  t^jk ,  construction. 

Now  we  are  ready  to  prove  lemmas  A^  and  B^. 
Stage  1: 

Lemma  5    for  1  <  i  <  n,     V,  ,gq  [qt  <  Wi,t)    =>    (x,'  >  zf) 

Proof.  Otherwise,  there  exists  i,q,  and  t  such  that  qt  <  Wi^it,  and  2'    >  x| 


Case  I:   <  >  0  .  Th 


en 

2l'>l|      =>•      zl>Xi 

qt  <  Wiit     =>    q  <  Wii 

From  the  definition  of  ifi,,,  for  each  f  >  0  it  is  possible  to  find  an  5 
such  that 

wii  —  s    <    e 

and, 

X,  >  z{ 


3     CHARACTERIZING  ADMISSIBLE  ORDERINGS  10 

Choose  £  <  wi^i  -  q,  then  a  -  q  >  0,  which  leads  to  the  contradiction 

zi>Xi>z[  =>  ziz:'>z[z:' 

A  A  * 

=>    l>z[-'' 

=>      l>2i 

A 

Case  II:   t  =  0  . 

This  leads  to  the  immediate  contradiction  1>1. 

Case  IH:  t  <0  . 


z<">x'    =>     x>z' 

A  A 

qt  <  Wi_it     =>     iwi,,-  <  q 

But,  by  definition,  i^i^  =  sup  |  5|x>z'  >  so,  tyi,  >  9. 

Q.E.D. 

Using  this  result  we  prove: 

Lemma  Ai  :  Wi{M)  >  0   =:>  M>1 

Proof.  Let  M  be  any  power  product  M  =  if  ^2'  •  •  •  <"  such  that  Vyi(M)  > 

0.    Since  Wi{M)  >  0  it  is  possible  to  find  a  c  €  Q  suet  that,  c  >  0  and 

Wi{M)  >  c.  Then,  for  each  t,  choose  g,  satisfying 


Then, 


c 
n 


.=1     * 


but, 


L9.".    >    EK.-a.--)    =    VVi(M)-c    >    0 


i=l  »=1 
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leading  to  the  contradiction, 

A  A 

Q.E.D. 

Lemma  Bi  :  For  any  power  product  M  =  z{^  ,  Wx{M)  =  0  =>  M  =  1 
Proof.  If  2i  =  Xj  for  some  j,  then  it  is  seen  from  the  definition  that  lyj  y  =  1. 
So, 

W,[M)    =    W^i(xf )    =    u;i,;A    =    /?i 

i.e.,  M  =  1     -^^     /?i  =  0    <=^     H^i(M)  =  0.  Q.E.D. 

Stage  k  (2  to  n): 

Assume  at  stage  k  that  Lemmas  Ak-i  and  B^-i  hold. 

Cast  1: 

There  exists  i.  G  Xm_i  such  that  for  all  TV  G  PP(Zk_i;  Q) 

(3;<0^;  (iVx.)  7^  0 

In  this  case,  z^  was  chosen  to  be  any  such  i,,  and 

Wk,i    =    0    for  all  1  <  J  <  n 

Then  lemma  At  \Wt  (M)  >  0  &  Vy<tW^,  (M)  =  0     =>     M>1]  holds  vacu- 
ously since  for  all  M,  W^t  (Af)  =  0. 
Lemma  Bk: 

For  any  M  G  PP{Zk;  Q),  (V;<0((W^*  (M)  =  0)  =>  (A/  =  l)) 

Proof.  Let  A/  =  zf'z^'  . . .  sf *  such  that  (Vj<t)U^,  (A/)  =  0.  If  /?*  #  0  then 

let  N  =  (zf'zf'  ...2^^^')^.  Then  the  assumption  of  this  case  implies  3j<jt, 
Wj{Nzt)  7^  0.  But  this  means  that  Wj{M)  =  PkWj{Nzk)  j^  0,  contradic- 
tion. So/?t  =  0.  But  by  Lemma  5t-l,wesee  that  M  =  zf'z^^  . .  .  zfi"/  =  1. 
Q.E.D. 

Case  2: 

For  every  i,  G  X^-i,  there  exists  N  €  PP(Zk_i;  Q)  such  that  for  all  j  <  k, 

W,{Nx,)  =  0 

Recall  that  in  this  case  we  defined: 
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Mi  (M)    =   zf'zt  . . .  zt'i'M  such  that  (Vy<t)iy,  [m,  (M))  =  0 
f  1       if  A7t(i.)>l 

1—1     otherwise 

Ik.i 
Xi    =  X,-    ■  

Zk    =    i,eXk_i     where    {y,^^x^_i)Mt{x,)>Mk{x,) 

Let  Zi  =  Xj  where  Zk  =  i, 
for  1  <  /  <  n, 

r  0  ifz,  ^Xk_i 

"^'■'^  I   7t,,sup{5GQ|Mt(x,)^Mt(2i)} 

The  definition  of  Mt  (M)  in  the  construction  is  justified  next. 

Lemma  6  For  each  power  product  M  =  x^'^f  ••  -^n" >  ^k  {M)  exists  and 
is  unique. 

Proof. 

Existence:  By  the  condition  of  this  case,  for  each  variable  x,  G  Xk_i,  there 
is  an  A^  G  PP(Zk_i;  Q)  such  that 

(Vy<0%  {Nxi)  =  0 

Let  M  be  any  power  product,  then  M  =  M'M",  where  M'  € 
PP(Xk-i;Q),M"  e  PP(Zk_i;Q).  Let  a,  be  the  exponent  of  x,  in 
M'  (and  hence  in  M).  Then,  we  can  find  TV,  G  PP(Zk_i;Q)  such 
that 

The  requirements  for  M/t  (M)  are  now  satisfied  by: 
Mk  (A/)  has  the  correct  form  since 

Mk{M)  =  n^.<" 
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and,  for  all  j  <  k, 

=    E^ANixr)   =   0 

Uniqueness:  Suppose  that  for  NuNt  G  PP(Zk_i;Q)  both  NiM  and  TVjM 
satisfy  the  requirements  for  M*  (M).  Then  for  j  <  k, 

VV;  (iViAT-i)    =   Wj  {NiM)  -  W,  {N2M)    =   0 

so,  by  lemma  B^-i,  Ni  =  Nj. 
Q.E.D. 
Corollary  1 

((V,<*)VV,  (M)  =  0)  =^  M,  (M)  =  M 

Proof.   Since  {'^}<k)^3  (A^)  =  0,  M  satisfies  the  requirements  for  Mt  {M) 

and  by  the  previous  corollary,  this  form  is  unique. 

Q.E.D. 

Corollary  2   For  all  power  products  M  and  N 

Mk  [MN]  =  Mk  {M)Mk  {N) 

Proof.  Mi  (M)Mjt  (A')  is  of  the  form  zf'zf'  . . .  z^^t\'MN,  and  for  all  j  <  k, 

Wj  (Mt  {M)M,,  (TV))    =   Wj  (Mt  (M))  +  Wj  (m*  (A^))    =   0 

By  the  previous  corollary  this  form  is  unique. 
Q.E.D. 

Corollary  3   For  all  power  products  M  and  c  €  Q, 

M,{M')  =  {M,{M)y 
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Proof.  {Ml,  {M)Y  is  of  the  form  z^' z^'  . . .  efi','M%  and  for  all  j  <  k, 

W^{(M,{M)Y)    =   cWj{Mt{M))    =   0 
Q.E.D. 

Lemma  7  For  i,  (i  =  1, . . . ,  n),  for  all  q,t  ^  Q 

{qt  <  lk,iW,,it)    =^    (Mt  (x.')  ^  M,  {h")) 

Proof.      Otherwise,    there   exist   t,^    cind    t   such   that   qt    <    Wk^it,    and 
M,  (2i")  >  Mk  (x.') 

Case  I:  i,  ^  Xij_i  . 

Then  Mk  (x|)  =  1  which  implies  that  qt  >  0.    But  this  leads  to  a 
contradiction  since  «;*,,  =  0  and 

Qt  <  lk.i^k,it    =^    qt  <0 

Case  II:  x,  G  Xk-i  k  t>  0  .  Then 

Mt(z,")>Mt(x.')     ^>    Mt(V)>M,(x.) 

From  the  definition  of  lUjt,,  for  each  £  >  0  it  is  possible  to  find  an  5 
such  that 

lk.iU)k.i  -  s    <    e 
and, 

Mk  (x.)  >  Mk  [zk') 

A 

Choosing  e  <  7i,,u;t ,  —  q  gives  s  —  q  >  0,  which  leads  to  the  contra- 
diction 

Mk{h'')>Mk{zk')    =>    Mk{l)>Mk{h'-'') 

=>     l>Mk{zk) 
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Case  m:  x,  6  X^-i  k  t  =  0  . 
This  is  vacuously  true. 

Case  rV:  i,  e  X^-i  k  t  <  0  . 

Mk{zk'")>Mk{x,')    =^    A7fc(x.)>Mt(V) 
gt  <  ik.iWk.it   =>    ik.i^Jk.t  <  q 

But,  by  definition,  '^k.i^k.i  =  sup  |s|A/jk  (i,)>Mi  (z*')  \  so,  'rjb,,u;jfc,,-  > 

Q.E.D. 

Now,  we  may  complete  our  consideration  of  case  2  with  proofs  of  lemmas 
Ak,  and  Bk. 
Lemma  Ai^: 

Wt  [M]  >0L  ^j<kW,  (M)  =  0     =>     M>1 

Proof.  Let  A/  =  i" 'ij  V  . .  x°"  be  any  power  product  such  that  W,,  {M)  >  0 
and  (V,<i)lVj  (M)  =  0.  Pick  c  G  Q  such  that  W,,  (M)  >  c  >  0.  For  each  i, 
choose  a  g,  G  Q  such  that 

c 

lk.iOc,tVk,, <    q,a,    <    lk,xOc,Wk.i 

n 

Now,  since  (Vy^tjVTy  (A/)  =  0  we  can  use  the  corollaries  to  lerruna  6  to  get 
M    =    A7i(Af) 

1=1  1=1 

>  fl^kiz?"'"-)    (by  lemma  7) 
*     1=1 

>  (A7t(2t))^"='^*'"'"' 
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but, 

n  w  g 

.=1  i=l  ^ 

>    Vyt(M)    -   c   >    0 

It  follows  that  M>1. 
Q.E.D. 

Lemma  Bk- 

For  any  M  €  PP(Zk;Q),  (V,<t)((V^t  (M)  =  0)  ^  (M  =  1)) 
Proof.  Let  2^  =  i,  6  Xk_i,  so 

=  lk,i  =  ±1  • 

Also,  for  :  =  l,...,n,  if  i.  ^Xk_i,  then  w^s  =  0.  Thus 

H't(M)    =  Wk.i0k   =    ±Pk  . 

Therefore,  W^iM)  =  0    =^    /?i  =  0.    So  A/  =  zf'zj^'  •  •  •  ^f^V  and  induc- 
tively by  lemma  B^-i,  M  =  1. 
Q.E.D. 

This  concludes  our  proof  of  theorem  1.    We  note  that  our  weights  u',  y 
satisfy  \wij\  <  1.  Now,  we  can  construct  a  modified  set  of  weight  functions 

n 

1=1 

which  also  satisfy  (l),  and  in  addition,  have  the  property  that  all  of  the 
Uk/s  are  non-negative.  This  property  will  be  useful  in  our  next  section. 
The  functions  Uk  can  be  constructed  as  follows: 

t/i  =  w, 
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and  for  A:  =  2  to  n, 

Ut  =  W,-\-  Ut-i  *  max  {  ^|u;t,  <  o} 

The  resulting  functions  satisfy  (l)  since  the  value  of  Uk{M)  is  only  of  im- 
portance if  (Vy  <  k)Uj{M)  =  0,  and  in  this  case,  Uk{M)  =  H^t(M). 

To  see  that  the  Ujt  ,'s  are  non-negative,  note  that  the  weights  in  Wi  are 
non-negative,  and  for  fc  >  1,  we  have  for  all  j, 

"t,j     =     ^k,j  +  «*-!.,•  max  {^^l^k.i  <  O} 
>      u;^^.  +  Ui_i,j(^^^^)  >0. 

To  get  some  intuitions,  let  us  look  at  the  resulting  weight  functions  for  the 
admissible  orderings  introduced  in  section  1.  For  each  admissible  ordering, 
let  the  variables  Xi, . . .  ,x„  be  ordered  such  that 

ii>X2>  •  •  •  >a:„ 

A  A  A 

The  construction  yields  the  following  weight  functions: 
Example  1  :  Lexicographic  Ordering 


Example  2  :  Total-Degree(Lex)  Ordering 


{k  =  l,...,n) 
[k  =  l,...,n) 


^lixv^r- 

■  ■<") 

= 

ai  +  0L2  + 

w,{xrxr. 

•  •<") 

= 

-a2  -  ...  - 

w,{xt'xr. 

■  ■<") 

= 

ttfc-i         (k 

u^ixvxr. 

■  ■<") 

= 

Ql  +  Q2  + 

u,[xvxr. 

■  ■<") 

= 

Oi-1            (^ 

•  +  On 


+  a„ 
2,...,n) 


Note:  The  construction  chooses  the  2,'s  in  a  curious  order,  xi  is 
chosen  for  Zj,  but  then  x„  is  chosen  for  z^.  The  remaining  x's  are 
chosen  in  the  order  z,  =  x,_i. 
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Example  3  :  Total-Degree(Recur8ive)  Ordering 

W^t(ir'i?'...x^")     =     -an_i+,        (/:  =  2,...,n) 

4      Bounds  on  Normal  Form  Algorithms 

We  now  quantify  the  termination  process  of  the  normal  form  algorithm. 
Here  we  allow  >  to  be  any  admissible  ordering  on'  PP(^)  =  PP(^;  N).  We 
also  fix  a  set  of  non-negative  weight  functions  Ui, . . . ,  [/„,  which  characterize 
>  as  described  in  the  previous  section.  Let  F  C  R  he  a.  finite  set  and  g  ^  R. 
Let 

g  =  9o-^9i^ ^9k  =  rdpig).  (2) 

Our  goal  is  to  bound  the  maximum  value  of  k  in  the  reduction  sequence 
(2).  The  bound  on  the  reduction  sequence  depends  on  three  factors: 

1.  The  set  of  polynomials  F. 

Let  I  —  maximum  length  of  any  /,  in  F.  By  the  length  of  a  polynomial 
we  mean  the  number  of  monomials  in  it. 

2.  The  admissible  ordering  >  and  the  choice  of  the  non-negative  weight 

A 

functions  Ui^.  Relative  to  the  set  F,  the  influence  of  >  on  the  reduction 

A 

sequence  bound  can  be  quantified  as  follows.  For  any  polynomial  / 
written  as  a  sum  of  monomials  /  =  f\  -\-  fz  +  ■  ■  ■  +  ft  w'here  the 
monomials  are  ordered  fi>  fi>  ■  •  ■>  fi-,  define 

A  A  A 

At(/)     =     {[/t(/,_i)-f/t(/;)iy  =  2,...,^,andt7,(/,_i)>t/,(/,)} 
ri     =     max{u|u  €  At(/),/ e  F, /:  =  l,...,n} 
rj     =     min{u|u  €  Ai(/),/ 6  F,/:  =  l,...,n} 


'The  notion  of  a  reduction  is  not  defined  except  where  the  exponents  are  natural  numbers. 
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Note:  The  sets  At(/)  are  empty  for  all  k  only  if  £  =  1,  in  which  case 
the  definitions  of  fi,  rj,  and  the  following  function  Wf{M)  are 
not  used. 

3.    The  input  polynomial  g. 

Let  L  be  the  length  of  g,  and  write  j?  as  a  sum  of  monomials  g  - 
gi  +  g2  +  . ..  +  gi-  The  bound  on  the  reduction  sequence  is  dependent 
upon  L  and  the  values  of  Uk{gi)  [i  -  1, . . . ,  L). 

If  £  >  1,  we  define  a  weighting  function  Wp    :   PP  — ►  N  on  monomials  as 
follows:  „ 

w,{M)  ^ -j:C-^ + ir-%{M) 

'"2  .=  1    ''2 

Lemma  8  Let  f  e  F.   Write  f  as  a  sum  of  monomials,  /  =  /i  +  ZzH \-fk 

where  h>  h>  ■  ■  ■  >  fk-   Then,  W^f  (/;-i)  >  1  +  Wpif,)  for  j  =  2,. . .  ,k.. 

AAA 

Proof.  Since  /j_i  >  /,  there  exists  a  fco  such  that 

Ukoifj-l)  >  Uk^ifi)  ^  (V.<fco)f/.(/,-l)  =  C/.(/;)  • 

So,  we  get 

''2  .=  1    ''2 

r-i    r-i 

-     t    (-  +  l)"-*(^.(/;-i)-t^.(/;)) 

''2  .-to  +  l    ''2 

>  i(!i  +  i)n-*c(,^)_i  f^  (:i  +  i)"-(ro 

J-Z     '■2  ''2  .  =  io  +  l    ^^ 

>       1 

Q.E.D. 

Immediately  by  induction  we  have: 
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Corollary  4  Let  f  ^  F  be.  written  as  a  sum  of  monomials  f  =  fi  +  fi  + 
■■■  +  fk  as  before.   Then,  VVf  (/i)  >  A:  -  1 

Now  we  define  a  weight  function  on  polynomials.  Recall  that  the  length  of 

each  polynomial  in  F  is  at  most  t.  For  any  polynomial  we  define  its  weight 

to  be 

'  L  1=1 

W!.{g)=       L  +  El-^iWfig,)     t=2 
^L^^  2W^{9,)  £  >  3 

Lemma  9  If  g -^  h  then  Wpig)  >  1  +  V^f  (/i). 

Proof.  Suppose  h  =  g  —  Mf  for  some  f  ^  F  and  monomial  M.  Let  /  =  /i  + 

Ah V  fk  with  the  monomials  ordered  as  before.  The  reduction  removes 

the  monomial  M/i  from  g,  and  'replaces'  it  with  M f^  +  M f%  +  . . .  +  M ft- 
If  £  =  1,  then  each  reduction  removes  a  monomial  without  adding  any  new 
ones,  so  the  length  of  h  is  one  less  than  the  length  of  g. 
If  £  =  2,  and  fc  =  1,  once  again  the  reduction  results  only  in  the  removal  of 
a  monomial,  so  the  length  is  reduced  and  the  lemma  satisfied.  So,  assuming 
that  £  =  2  and  k  =  2,  then  from  lemma  8  we  have 

Wr[g)-\VF[h)    =    WF{Mf,)-Wr{Mf^) 
=    W,[f,)-W,[f,)    >    1 

Now,  consider  £  >  3.    li  k  =  1,  the  removal  of  a  monomial  reduces  the 
weight  by  at  least  1,  so  assume  A:  >  2,  then 

Wf~{g)-WF{h)     =    2**'''t^^''-X:2'^^(^^'' 

«=2 
k 


1  =  2 

(repeated  application  of  lemma  8). 
^    2WF[Mfi)  _  2^'Fif^h)  +  2^''"(^^'^''"*+^ 

>     2'*''(^-^''-*+'    >    1    by  Corollary  4 


Q.E.D. 
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Therfore,  by  induction,  the  length  of  a  normal  forni  reduction  sequence  is 
bounded  by  Wpig).  Let  U{M)  =  max  {f/i(M)}.  Then 

Wf{m)  <  Lf2i- + '^r~'u{M) 

''2  .=  1    ''2 

<    i(!l  +  i)"[7(M) 
ri    r2 

Now,  collecting  the  constant  factor,  let  Rp  =  ^{^  +  1)",  then 

Wf{M)    <   RfU{M)  (3) 

We  immediately  conclude: 

Theorem  10   For  any  admissible  ordering  >,  the  length  of  any  sequence 
of  reductions  beginning  from  an  input  polynomial  g  is  at  most 

L  t=  1 

^/•(ff)  <  -I    {^  +  RfU)L    1  =  2 
2RfU  j^  £  >  3 


wh 


ere 


L  is  the  length  of  g. 

t  is  the  maximum  length  of  a  polynomial  in  F . 

Rf    is  a  constant  which  depends  on  the  admissible  ordering  >  and  F. 

A 

U   IS  the  maximum  of  the  weights  Uk{g,)    where  g,  is  a  monomial  of  g. 

Remark:     We  normally  prefer  to  get  bounds  in  terms  of  the  total  degree 
deg(g)  of  g,  but  assuming  >  is  fixed, 

A 

U  =  0{deg{g)). 
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5      Lower  Bound  on  Normal  Form  Reduction 

In  this  section,  we  show  that  the  upper  bound  for  the  normal  form  algorithm 
is  tight  by  demonstrating  an  admissible  ordering  and  a  set  F  which  nearly 
achieves  the  upper  bound.  The  admissible  ordering  we  will  consider  is  the 
lexicographic  ordering   >  .  Let  the  variables  be  ordered  such  that 

LEX 

Xl  >  I2  >   ...   >  i„ 

LEX        LEX  LEX 

The  set  F  we  consider  contains  the  following  polynomials,  where  d  and  £ 
are  arbitrary  numbers  with  d  >  I—  2  >  0. 

f,    =    x^-{xtxi...xt_,){xi  +  xt'  +  ...  +  xi-'^') 


/„-l 

= 

x„-i-x^-x^^-...- 

/n 

= 

xi-xr-...-x„ 

fn+1 

= 

t-1         ^t-2 
^n        -  ^n       -.-.-In 

fn+t-2 

• 

^n-^n 

/n+^-1       =      Xn-   \ 

Let  g,  the  input  polynomial  being  reduced,  be: 

g    =    xfxi  +  xfxi-'  +  ...  +  xfx. 
where  D  >  L.  And,  let 

F  F  F  F 

g  — ^  9\  — '  92  — '  ■  ■  ■  — '  9m  , 

be  a  normal  form  reduction  sequence  for  g. 

Before  considering  an  actual  reduction  sequence,  and  the  number  of 
steps  involved,  let  us  compute  the  bound  on  the  length  m  of  the  reduction 
sequence  according  to  the  previous  theorem. 

For  lexicographic  order,  {/.(x^'i"'  . . .  i^")  =  a,,  so 
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n   =  d 
r,    =    1 

U    =    max {?/,(<;;) |5y  a  monomial  of  </}    =    D 

According  to  theorem  10,  the  length  of  the  reduction  sequence  is  bounded 
by 

Consider  the  reduction  sequence  which  results  when  the  reductions  are 
made  in  the  following  order.  At  each  step  ff,  — >i7.+i,  choose  M,  the  least 
monomial  of  g,  (relative  to   >  ),  and  perform  the  reduction  gi+i  =  g,  —  c/,, 

LEX 

where  Hmono(c/j)  =  M,  and  j  —  min{/:|/t  divides  M,}.  For  any  polyno- 
mial /i,  let  the  number  of  reductions  which  are  made  using  this  strategy  be 
denoted  as  s[h).  This  order  of  reduction  avoids  any  cancellation  of  terms, 
so  that  for  any  polynomial  h  which  may  result  during  the  normal  form 
reduction  sequence,  if  /i  =  /ij  -f  /i^  +  . . .  +  /ijt,  then 

s[h)    =   s{hi)  +  sihi)  +  ...  +  s{ht) 

Claim:  For  any  monomial  M  =  x°' Xj  ^  . . .  x^" , 

s[M)    >   2z^(('"(''+^)""'+'*'(''+^)""'+-+'""-^' 

Proof.  The  claim  holds  for  M  =  z„,  since  s{xn)  =  1.  Now,  assume  that  the 
claim  is  valid  for  all  A''  such  that  M  >  N.  Then, 


Case  1:  M  =  x"",  a^  <  t,  then  M  will  be  reduced  by 

M^''±^-''x:"-'  +  x""-'  +  ...  +  x„ 


so, 


>     1 +2  7^*"""^' +  ...  +  2^^°' 
=     l  +  (2^t""-''-l)/(2^-l) 
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Case  2:  M  =  i^",  a„  >  I,  then  M  will  be  reduced  by 

M-^xl"-^  +  1°"-*  +  . . .  +  x°"-'+^ 
so, 

>     2^^"""'^        (see  justification  below) 
Case  3:   Af  =  x°'  . . .  i"" ,  t  <  n  and  a,  >  1,  Af  will  be  reduced  by 

so, 

s{M)  =  s{xr'x-;v^' . . .  x^iv^'x:-^')  +  ...  +  .(xr--^xr;t'^' . . .  ^^ir  ^'x--^-^-^) 

2  r^((o.-i)('^+i)""'+('»'+i+<')('^+ ')"■"" '  +  ■■■+('»"- i+<')(<'+i)+'»n+d-<+i) 

=       /2r^((c.-l)(d+l)''-  +  (a.  +  i  +  <i)(<i+l)''-'-'+...  +  (a„_,+<i)(d+l)  +  a„  +  d)   _ 

=     2?^(('*"-i)(''+i)""'+("'+'+'')(''"^^'"'""'  +  -+(''"-'+'^)''^+^'+''"+'^)(l  -  2?^'"'+^^)/(2^  -  1) 

>  27^((°'-i)('^+')"'"+('*'+i+'^)t'^+*'"''"'+  ■■+('*"-'+'''('^+^'+''"+'^' 

>  27^(("-)(''+i)""+('''+')('^+')"""'+-+(<>'-')(<'+^)+"''-^) 


In  cases  2  and  3  we  use  the  fact  that  for  i  >  3, 


1  -  2"''"^)    >    2T^  -  1 


Q.E.D. 
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Hence,  the  number  of  reductions  for  our  input  polynomial  g  is  greater  than 

>      L5(lfl„) 

6      Ordered  Reductions 

In  the  previous  sections,  we  considered  normal  form  reduction  sequences. 
At  each  reduction  step  g  — >  h,  h  =  g  —  cf,  where  /  could  be  any  polynomial 
in  F  such  that  the  head  monomial  of  cf  was  equal  to  g,,  where  ff,  is  any 
monomial  of  g. 

We  next  give  a  better  bound  for  £  >  3  under  the  assumption  that  the 
normal  form  algorithm  always  chooses  to  eliminate  the  >-largest  monomial 
that  could  be  eliminated.  More  precisely,  suppose  that  in  the  reduction 
step  9,_i — >  gi  in  (2)  the  monomial  M,  is  eliminated.  We  say  that  the 
reduction  sequence  (2)  is  ordered  if 

Mi>M2>  ...>Mk  (4) 

AAA 

In  the  sequence  (2),  assume  Mi  is  eliminated  by  application  of/,  G  F.  Thus 

where  the  monomial  M,  of  g,_i  is  equal  to  the  head  monomial  of  c,/,.  Once 
again,  we  will  use  the  monomial  weighting  function  Wf[M). 

Lemma  11  Let  g  and  h  be  any  polynomials  such  that  g  — ►  h,  and  let  g  = 
gi  +  ■  ■  •  +  g,  and  h  =  hi  +  . . .  -\-  hf,  then 

max{HV(/i;)|y  =!,...,(}<  m^x{W,.{g,)\i  =  1, . . . ,  5} 

Proof.  Each  monomial  h^  is  either  a  monomial  of  g,  or  it  is  a  monomial  of 
cf  where  f  ^  F,  and  Hmono(c/)  =  g,  for  some  g,,  in  which  case 

HV(/i,)    <    HV(Hmono(c/))    <    max{W^f-(ff.)|i  =  1, .  . .  ,5} 
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Q.E.D. 

Now,  let 

V{g)     =     ma.x{WF{g,)\i  <  length  of  ff} 

<     l(!l+i)"[7-i 
r2    r2 

Immediately  by  induction  we  have: 

Corollary  5  Let  Mi, . . . ,  Af*  be  the  sequence  of  monomials  eliminated  dur- 
ing normal  form  reduction  of  g.   Then  for  each  Mj,  Wp[Mj)  <  V{g). 

By  linearity  of  the  weight  functions,  Wf{xf)  =  aWf (x,).  Therefore,  for 
each  I,,  the  exponent  of  x,  in  M,  is  bounded  by  V{g)/Wf[xi).  But,  Wf{x,) 
is  just  another  constant  which  quantifies  the  admissible  ordering  relative  to 
F,  so  let  Hi  =  Wf  (i,).  The  number  of  monomials  whose  exponent  in  each 
variable  x,  is  <  V(5)//i,,  is 

1=1         ^'  t=i  ^'■^ 

^2     ^2  ,=  1  Mt 

Collecting  the  constant  which  depends  on  F,  let 

^2  ^2  ,=1  ^^l 

Now,  since  the  Mj's  are  ordered,  they  are  all  distinct.  We  conclude: 

Theorem  12   For  any  admissible  ordering  >,  the  length  of  any  sequence  of 

ordered  reductions  beginning  from  an  input  polynomial  g  is  at  most  CfU 
where 

n  is  the  number  of  variables 

Cf    is  a  constant  which  quantifies  the  admissible  ordering  >   with  re- 
spect to  F 
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U  is  the  maximum  of  the  weights  Uk{gi)    where  3,  is  a  monomial  of  g. 

We  apply  this  result  to  the  admissible  orderings  which  have  appeared 
in  the  previous  examples.  We  will  use  the  following  additional  notation: 

d  is  the  maximum  degree  of  any  monomial  of  /,  /  G  F. 
D  is  the  maximum  degree  of  any  monomial  of  g. 
e,(M)  is  the  exponent  of  variable  Xi  in  M. 

Lexicographic  Order  :  Recall  Uk{x^' x^'  . . .  x^-)  =  a^.  So, 

At(/)     =     {e*(/,-i)-e,(/,)|e,(/,_0>e,(/,)} 
ri     =    max{u|u  G  Afc(/),/ e  F}    <    d 

and  since  all  elements  of  the  At  sets  are  positive  integers,  rj  >  1. 

M,   =   W,{x,)  ==  L±{1  +  ir-w,{x,) 
'■2  J=l  ^i 

=  -C-^  +  i)- 

=    {-L  +  i)-^   <   [d+l]-^- 
U    =    max{t/t(ff.)}    <    D 

The  length  of  an  ordered  reduction  sequence  is  therfore  bounded  by 
{d+iy-^D''. 

Total-Degree  Order  (Lex  or  Recursive):  In    either    case,     Ui{M)     = 
deg{M),  and  t/t(M)  <  deg{M)  for  all  k  >  1.  So, 

ri  <  d 
rj  >  1 
U    <     D 
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For  each  t",  Uj ,  =  1,  so 


and  so, 


Cf   <    (-+1)"   <    (^+1)"- 

^2 


The  length  of  an  ordered  reduction  sequence  is  therefore  bounded  by 

{d+l)"D". 

Note:     A   tighter  bound   of  {D  +  l)"  is  also  known  for  this  case 

[Nlishra  and  Yap  1986]. 

Final  Remarks:  If  we  omit  the  first  condition  (x,>l)  in  the  definition 
of  an  admissible  ordering,  the  resulting  ordering  is  called  semi-admisstble. 
Normal  form  reduction  can  also  be  defined  relative  to  a  semi-admissible 
ordering.  However,  to  insure  that  the  algorithm  terminates,  we  must  be 
more  careful  in  our  definition  of  divisibility.  For  semi-admissible  orderings, 
we  say  /  divides  g  \{  cf  =  g  and  Ol.  The  analysis  for  semi-admissible 
orderings  can  be  reduced  to  that  for  admissible  orderings  by  replacing  each 
variable  x,,  where  l>x,,  with  i~^ 
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